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a b s t r a c t

The form of convective terms for compressible flow equations is discussed in the same way
as for an incompressible one by Morinishi et al. [Y. Morinishi, T.S. Lund, O.V. Vasilyev, P.
Moin, Fully conservative higher order finite difference schemes for incompressible flow,
J. Comput. Phys. 124 (1998) 90], and fully conservative finite difference schemes suitable
for shock-free unsteady compressible flow simulations are proposed. Commutable diver-
gence, advective, and skew-symmetric forms of convective terms are defined by including
the temporal derivative term for compressible flow. These forms are analytically equiva-
lent if the continuity is satisfied, and the skew-symmetric form is secondary conservative
without the aid of the continuity, while the divergence form is primary conservative. The
relations between the present and existing quasi-skew-symmetric forms are also revealed.
Commutable fully discrete finite difference schemes of convection are then derived in a
staggered grid system, and they are fully conservative provided that the corresponding dis-
crete continuity is satisfied. In addition, a semi-discrete convection scheme suitable for
compact finite difference is presented based on the skew-symmetric form. The conserva-
tion properties of the present schemes are demonstrated numerically in a three-dimen-
sional periodic inviscid flow. The proposed fully discrete fully conservative second-order
accurate scheme is also used to perform the DNS of compressible isotropic turbulence
and the simulation of open cavity flow.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

The fully conservative finite difference scheme is recognized as a useful tool for unsteady turbulence simulations like DNS
and LES, since it is free of numerical dissipation and offers stable long-term integration. The scheme is composed of a proper
set of discrete governing equations for incompressible flow as shown in Morinishi et al. [1]. In particular, the finite difference
for the convective term is one of commutable convection schemes for divergence, advective, and skew-symmetric forms,
which are equivalent if the corresponding discrete continuity is satisfied. In addition, the schemes for divergence and
skew-symmetric forms have primary and secondary conservation properties, respectively, without the aid of the continuity.
Here, the secondary or quadratic conservation property is the property with which the quadratic quantity of a transport var-
iable is conserved, while the primary conservation or merely conservation property is the one for the standard conservation
form. For instance, the continuity is the primary mass conservation equation, and the kinetic energy is the quadratic quantity
of momentum. Therefore, the fully conservative finite difference scheme for incompressible flow conserves momentum and
kinetic energy simultaneously in the inviscid limit as long as the discrete continuity is satisfied. The convection scheme in
. All rights reserved.

x: +81 52 735 5342.

http://dx.doi.org/10.1016/j.jcp.2009.09.021
mailto:morinishi.yohei@nitech.ac.jp
http://www.sciencedirect.com/science/journal/00219991
http://www.elsevier.com/locate/jcp


Y. Morinishi / Journal of Computational Physics 229 (2010) 276–300 277
the original staggered method by Harlow and Welch [2] was one of the fully conservative second-order accurate convection
schemes. Fourth and higher order accurate schemes were proposed by Morinishi et al. [1]. Vasilyev [3] extended the fourth-
order scheme to non-uniform meshes by introducing mesh mapping, although his method had commutation error and was
not fully conservative. Fully conservative high-order accurate schemes in a non-uniform cylindrical coordinate system were
derived by Morinishi et al. [4]. The fourth-order convection scheme by Verstappen and Veldman [5] is not fully but second-
ary conservative.

Extension to compressible flow has been attempted by some researchers. For instance, Nicoud [6] simply extended the
fourth-order accurate incompressible convection schemes by Morinishi et al. [1] to compressible ones. Desjardins et al.
[7] extended the high-order accurate cylindrical method by Morinishi et al. [4] to compressible flow. Actually, the convection
schemes for divergence and advective forms corresponding to those in Nicoud [6] and Desjardins et al. [7] are semi-discrete
fully conservative schemes for compressible flow. It is known that the skew-symmetric form has a role of de-aliasing [8,9],
and some skew-symmetric like forms, called quasi-skew-symmetric forms in this study, were used for unsteady compress-
ible flow simulations [10–15]. However, no convection scheme of skew-symmetric form which is secondary conservative for
compressible flow has been proposed so far. This is due to the lack of knowledge of commutable convection forms for com-
pressible flow equations.

For variable density low-Mach number flow simulations, an implicit time marching method is preferred due to severe
stability restriction by the acoustic velocity. For incompressible flow, a fully (spatio-temporal) discrete fully conservative
method was constructed by Ham et al. [16] with an implicit mid-point time marching method. Pierce et al. [17] and Wall
et al. [18] have tried to construct a fully discrete fully conservative scheme for compressible flow, their convection schemes,
however, have temporal second-order error about the secondary conservation.

In this study, the form of convective terms for compressible flow equations is discussed in the same way as for an incom-
pressible one by Morinishi et al. [1], and fully conservative finite difference schemes suitable for shock-free unsteady com-
pressible flow simulations are proposed. The paper is organized as follows. Forms of convective terms for compressible flow
equations are analyzed in Section 2. Conservation properties of mass, momentum, and energy equations are reviewed in Sec-
tion 3. These conservation properties are regarded as analytical requirements for a proper set of discrete equations for com-
pressible flow. In Section 4, fully discrete fully conservative finite difference schemes for variable density low-Mach number
flows are proposed in a staggered grid system. Semi-discrete convection schemes with the standard and compact finite dif-
ferences are also discussed in Section 5. Numerical tests are performed in Section 6. For the reader’s convenience, schemes in
a regular grid system are presented in Appendix A, and a non-uniform grid arrangement of the fully discrete fully conserva-
tive finite difference scheme in a staggered grid system is presented in Appendix B.

2. Forms of convective terms for transport equations of compressible flow

The transport equations of conserved variables for compressible flow are in general cast into the conservative form.
@q/
@t
þ @quj/

@xj
¼ @F/j

@xj
: ð1Þ
In this equation t is time, xiði ¼ 1;2;3Þ are spatial coordinates, q is density, ui are the components of velocity vector, and
F/j are the components of flux for /. Repeated indices of vector and tensor components follow the summation convention.
The physical meaning of the term ‘‘conservative form” comes from the nature of (1). Applying Gauss’ divergence theorem to
(1) yields
d
dt

Z
V
ðq/Þ dV ¼

Z
S
ðF/j � quj/Þ nj dS; ð2Þ
where S is the surface area surrounding volume V, and nj is the outward surface normal. For compressible flow, the sum of
the density weighted variable ðq/Þ in the volume is conserved in time if the sum of the flux ðF/j � quj/Þnj through the sur-
face has disappeared. This means that ðq/Þ in the volume is conserved in time for periodic or flux-free flows if the transport
equation is written in the conservative form. The form of convective terms in (1) is called divergence form. On the other
hand, the left-hand side of (1) is sometimes rewritten into the following form:
q
@/
@t
þ quj

@/
@xj
¼ @F/j

@xj
: ð3Þ
The latter is equivalent to the former with the aid of the continuity,
@q
@t
þ @quj

@xj
¼ 0: ð4Þ
The equivalence, however, is not always valid for a discrete counterpart. For incompressible flow, some special finite dif-
ference schemes hold the equivalence and also secondary conservation property and are suitable for unsteady turbulent flow
simulations. In this study, the form of the convective term for compressible flow equations is investigated in the same man-
ner as for an incompressible one by Morinishi et al. [1]. That is, the left-hand side of the continuity, (Cont.), and the diver-
gence and advective forms of convective terms, ðDiv :Þ/ and ðAdv:Þ/, are respectively defined as
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ðCont:Þ � @q
@t
þ @quj

@xj
ð¼ 0Þ; ð5Þ

ðDiv :Þ/ �
@q/
@t
þ @quj/

@xj
; ð6Þ

ðAdv :Þ/ � q
@/
@t
þ quj

@/
@xj

: ð7Þ
Note that the temporal derivative term is included in each definition because of the equivalence through the continuity:
ðDiv :Þ/ ¼ ðAdv :Þ/ þ / ðCont:Þ: ð8Þ
Then, the skew-symmetric form is defined as the arithmetic average of the divergence and advective forms:
ðSkew:Þ/ �
1
2
ðDiv:Þ/ þ

1
2
ðAdv :Þ/ ¼ ðDiv :Þ/ �

1
2

/ ðCont:Þ ¼ ðAdv :Þ/ þ
1
2

/ ðCont:Þ: ð9Þ
Consequently, the divergence, advective and skew-symmetric forms are equivalent if ðCont:Þ ¼ 0, and there are only two
independent convection forms. The arithmetic average directly gives one of the skew-symmetric forms:
1
2
ðDiv :Þ/ þ

1
2
ðAdv:Þ/ ¼

1
2

@q/
@t
þ q

@/
@t

� �
þ 1

2
@quj/
@xj

þ quj
@/
@xj

� �
:

However, the skew-symmetric form above contains multiple temporal derivative terms and seems too difficult to integrate
in time with an explicit time marching method. Fortunately, the following transformations reveal the existence of useful
skew-symmetric forms:
1
2

@q/
@t
þ q

@/
@t

� �
¼ @q/

@t
� /

2
@q
@t

� �
¼ q

@/
@t
þ /

2
@q
@t

� �
¼ ffiffiffiffi

q
p @

ffiffiffiffiqp /
@t

; ð10Þ

1
2

@quj/
@xj

þ quj
@/
@xj

� �
¼ @quj/

@xj
� /

2
@quj

@xj

� �
¼ quj

@/
@xj
þ /

2
@quj

@xj

� �
¼

ffiffiffiffiffiffiffiffi
quj

p @
ffiffiffiffiffiffiffiffiquj
p

/

@xj
; ð11Þ
where
ffiffiffiffiffiffiffiffiquj
p @

ffiffiffiffiffi
quj
p

/

@xj
�
P3

j¼1
ffiffiffiffiffiffiffiffiquj
p @

ffiffiffiffiffi
quj
p

/

@xj
for three-dimensional problems. The last representation in (11) is available if complex

number can be handled. It is apparent from (10) and (11) that there are at least sixteen variants of the skew-symmetric form.
In this study, the canonical form of the skew-symmetric form which is secondary conservative a priori is selected from
among the sixteen variants as
ðSkew:Þ/ �
ffiffiffiffi
q
p @

ffiffiffiffiqp /
@t

þ 1
2

@quj/
@xj

þ quj
@/
@xj

� �
: ð12Þ
Again, the divergence form is primary conservative a priori, that is, conservative without the aid of the continuity. The
secondary conservation property of the skew-symmetric form is demonstrated as follows:
/ ðSkew:Þ/ ¼
@q/2=2
@t

þ @quj/
2=2

@xj
: ð13Þ
It is now possible to clarify the identities of the existing quasi-skew-symmetric forms by Feiereisen et al. [10] and Blais-
dell et al. [11], and Morinishi et al. [15], respectively:
ðqSkD:Þ/ �
@q/
@t
þ 1

2
@quj/
@xj

þ quj
@/
@xj
þ /

@quj

@xj

� �
; ð14Þ

ðqSkA:Þ/ � q
@/
@t
þ 1

2
@quj/
@xj

þ quj
@/
@xj
� /

@quj

@xj

� �
: ð15Þ
From Eqs. (9)–(11), these forms are analytically equivalent to the divergence and advective forms, respectively, and are
not secondary conservative without the aid of the continuity:
ðqSkD:Þ/ ¼ ðSkew:Þ/ þ
1
2

/ ðCont:Þ ¼ ðDiv:Þ/; ð16Þ

ðqSkA:Þ/ ¼ ðSkew:Þ/ �
1
2

/ ðCont:Þ ¼ ðAdv:Þ/: ð17Þ
Fortunately, the numerical stabilities of these forms are much better than those with the divergence and advective forms
as long as the last terms in (14) and (15) are discretized in the same manner as that in the discrete continuity. This implies
that the stabilities of the quasi-symmetric forms are supported by the discrete consistency with the continuity. Note that an
alternative quasi-skew-symmetric form based on the divergence one was used in Blaisdell et al. [12] and Ducros et al.
[13,14].
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ðqSkD0:Þ/ �
@q/
@t
þ 1

2
@quj/
@xj

þ uj
@q/
@xj
þ q/

@uj

@xj

� �
: ð18Þ
This form can be rewritten as
ðqSkD0:Þ/ ¼
1
2
ðDiv:Þ/ þ

1
2

q
@/
@t
þ uj

@q/
@xj

� �
þ 1

2
/

@q
@t
þ q

@uj

@xj

� �
¼ ðDiv :Þ/; ð19Þ
and has no direct relation with the skew-symmetric form through the continuity for compressible flow, although it recovers
the skew-symmetric form at the incompressible limit.
3. Analytical requirements

The governing equations for compressible flow considered in this study are the continuity, momentum, and internal en-
ergy equations as well as the equation of state:
ðCont:Þ ¼ 0; ð20Þ

ðConv :Þi þ ðPres:Þi ¼
@sij

@xj
; ð21Þ

ðConv :Þe þ ðPD:Þe ¼ sij
@ui

@xj
�
@qj

@xj
; ð22Þ

withp ¼ pðq; eÞ; or q ¼ qðp; eÞ; or e ¼ eðq; pÞ; ð23Þ
where
sij ¼ l @ui

@xj
þ @uj

@xi

� �
� 2

3
l @uk

@xk
dij; qj ¼ �j

@T
@xj

: ð24Þ
In these equations, p is pressure, e ¼ CvT is internal energy, T is temperature, Cv is the specific heat at constant volume,
sij are the components of viscous stress, qj are the components of heat flux, l is viscosity, and j is thermal conductivity.
The power law dependence of viscosity l=l0 ¼ ðT=T0Þ0:76 is supposed, where l0 and T0 are reference viscosity and tem-
perature, respectively. For the ideal gas flow, pðq; eÞ ¼ ðc� 1Þqe; qðp; eÞ ¼ p=ððc� 1ÞeÞ, and eðq; pÞ ¼ p=ððc� 1ÞqÞ. The spe-
cific heat c � Cp=Cv is set to 1.4, where Cp is the specific heat at constant pressure. The Prandtl number Pr � Cpl=j is set
to 0.71.

In the above equations, inviscid terms are written symbolically. ðCont:Þ is the left-hand side of the continuity and defined
in (5). ðConv :Þi is a generic form of convective term in the momentum equation and takes one of the following forms, that is,
divergence, advective, or skew-symmetric forms:
ðDiv :Þi �
@qui

@t
þ @qujui

@xj
; ð25Þ

ðAdv :Þi � q
@ui

@t
þ quj

@ui

@xj
; ð26Þ

ðSkew:Þi �
ffiffiffiffi
q
p @

ffiffiffiffiqp ui

@t
þ 1

2
@qujui

@xj
þ quj

@ui

@xj

� �
: ð27Þ
ðConv :Þe is a generic form of a convective term in the internal energy equation and takes one of the following forms:
ðDiv :Þe �
@qe
@t
þ @quje

@xj
; ð28Þ

ðAdv :Þe � q
@e
@t
þ quj

@e
@xj

; ð29Þ

ðSkew:Þe �
ffiffiffiffi
q
p @

ffiffiffiffiqp e
@t

þ 1
2

@quje
@xj

þ quj
@e
@xj

� �
: ð30Þ
ðPres:Þi and ðPD:Þe are the pressure term in the momentum equation and the pressure-dilatation term in the internal energy
equation, respectively:
ðPres:Þi �
@p
@xi

; ð31Þ

ðPD:Þe � p
@ui

@xi
: ð32Þ
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The commutability and secondary conservation property of the convective terms for the momentum equation are dem-
onstrated as follows:
ðDiv :Þi ¼ ðAdv:Þi þ ui ðCont:Þ; ð33Þ

ðSkew:Þi ¼
1
2
ðDiv :Þi þ

1
2
ðAdv :Þi ¼ ðDiv:Þi �

1
2

ui ðCont:Þ ¼ ðAdv:Þi þ
1
2

ui ðCont:Þ; ð34Þ

uaðSkew:Þa ¼
@qu2

a=2
@t

þ @quju2
a=2

@xj
; ð35Þ
where the summation rule is not taken for the subscript a in the last equation. In the same way, the commutability and sec-
ondary conservation property of the convective terms for the internal energy equation are demonstrated as follows:
ðDiv :Þe ¼ ðAdv :Þe þ e ðCont:Þ; ð36Þ

ðSkew:Þe ¼
1
2
ðDiv :Þe þ

1
2
ðAdv :Þe ¼ ðDiv :Þe �

1
2

e ðCont:Þ ¼ ðAdv:Þe þ
1
2

e ðCont:Þ; ð37Þ

e ðSkew:Þe ¼
@qe2=2
@t

þ @quje2=2
@xj

: ð38Þ
The total energy is one of the important conserved variables and is preferred in compressible flow simulations with strong
discontinuity, since the solutions are often represented in weak form. For unsteady compressible flow simulations at low-
Mach number, on the other hand, one of the thermodynamic variables (internal energy, enthalpy, entropy, etc.) is rather pre-
ferred than the total energy [19]. In this case, the total energy should be conditionally conserved.

The equation of total energy, E ¼ uiui=2þ e, is obtained by adding the kinetic and internal energy equations. The kinetic
energy equation is ui times the i-component of (21) with summation over i. The use of skew-symmetric form in the kinetic
energy equation is convenient for the derivation of the total energy equation.
ui ðSkew:Þi þ ðDiv :Þe
� �

þ ui ðPres:Þi þ ðPD:Þe
� �

¼ ui
@sij

@xj

� �
þ sij

@ui

@xj

� �� �
�
@qj

@xj
: ð39Þ
The convective term in the total energy equation is composed of
uiðSkew:Þi þ ðDiv :Þe ¼
@qE
@t
þ @qujE

@xj
: ð40Þ
This relation is useful for the specification of conserved discrete total energy norm. The pressure diffusion term in the
total energy equation is composed of the pressure work term in the kinetic energy equation and the pressure-dilatation term
in the internal energy equation.
uiðPres:Þi þ ðPD:Þe ¼
@uip
@xi

: ð41Þ
In addition, the viscous diffusion term in the total energy equation is composed of the viscous stress work term in the
kinetic energy equation and the viscous heating term in the internal energy equation.
ui
@sij

@xj

� �
þ sij

@ui

@xj

� �
¼ @uisij

@xj
: ð42Þ
Therefore, the sum of these terms is conservative in the total energy equation.
The enthalpy, h � eþ p=q, is sometimes selected as an energy variable [18]. Its transport equation and accompanying

state equation are as follows:
ðConv:Þh � ðDpDt:Þh ¼ sij
@ui

@xj
�
@qj

@xj
; ð43Þ

withp ¼ pðq;hÞ; or q ¼ qðp;hÞ; or h ¼ hðq; pÞ: ð44Þ
For the ideal gas flow, pðq;hÞ ¼ ðc� 1Þqh=c, qðp;hÞ ¼ cp=ððc� 1ÞhÞ, and hðq; pÞ ¼ cp=ððc� 1ÞqÞ. The total energy is com-
posed of E ¼ uiui=2þ h� p=q with enthalpy. ðConv:Þh is a generic form of convective term in the enthalpy equation and takes
the same form of convective term for ðConv :Þe, where e is replaced by h. ðDpDt:Þh is the material derivative of pressure in the
enthalpy equation defined by
ðDpDt:Þh �
@p
@t
þ ui

@p
@xi

: ð45Þ
The equation of total energy is also derived by adding the kinetic energy and enthalpy equations:
fui ðSkew:Þi þ ðDiv :Þhg þ fui ðPres:Þi � ðDpDt:Þhg ¼ ui
@sij

@xj

� �
þ sij

@ui

@xj

� �� �
�
@qj

@xj
: ð46Þ
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The left-hand side of the above equation is rewritten in the conservative form as
fui ðSkew:Þi þ ðDiv :Þhg þ fui ðPres:Þi � ðDpDt:Þhg ¼
@qE
@t
þ @qujH

@xj
; ð47Þ
where H ¼ uiui=2þ h is the total enthalpy.
The objective of this work is to derive the fully conservative finite difference schemes for compressible flow that satisfy

these properties in a discrete sense.

4. Fully discrete finite difference schemes

In this and the following sections, analysis is limited to a uniform staggered grid system for clarity and suitability at a low-
Mach number. The internal energy is chosen as an energy variable. For the reader’s convenience, schemes in a regular grid sys-
tem are given in Appendix A, and fully conservative schemes in a non-uniform staggered grid system are presented in Appen-
dix B. The scheme in a non-uniform staggered grid system with enthalpy as an energy variable is included in Appendix B.

4.1. Discrete operators

In this study, spatio-temporal discrete values are represented as /n
i;j;k � /ððx1Þi; ðx2Þj; ðx3Þk; ðtÞnÞ, where ðx1Þi ¼ iDx1; ðx2Þj ¼

jDx2; ðx3Þk ¼ kDx3, and ðtÞn ¼ nDt. The grid spacings, Dx1, Dx2, and Dx3, are constant, and Dt is the time increment. Mid-points
are denoted like iþ 1=2.

Finite difference, interpolation and permanent product in x1 direction with stencil width m are defined, respectively, as [1]
dm/
dmx1

				
i;j;k

�
/iþm=2;j;k � /i�m=2;j;k

mDx1
; ð48Þ

/
mx1
			
i;j;k
�

/iþm=2;j;k þ /i�m=2;j;k

2
; ð49Þ

g/ w
mx1
			
i;j;k
�

/iþm=2;j;kwi�m=2;j;k þ wiþm=2;j;k/i�m=2;j;k

2
: ð50Þ
Discrete operators in x2 and x3 directions are defined in the same way as for x1 direction. The index j in the finite differ-
ence dm/=dmxj is physical and follows the summation convention. On the other hand, the indices j in /

mxj and g/ w
mxj are

numerical and do not follow the convention. These numerical indices take the same value as the same physical index in
the same term. Finite difference and interpolation in time with stencil width 1 are also defined as [16]
d1/
d1t

				nþ1=2

¼ /nþ1 � /n

Dt
; ð51Þ

/
1t
			nþ1=2

¼ /nþ1 þ /n

2
: ð52Þ
The following identities [1] will be used to derive some relations later in this study:
dm/
‘xi

dmxj
¼ dm/

dmxj

‘xi

; ð53Þ

d2m/
d2mxj

¼ dm/
mxj

dmxj
; ð54Þ

w
d2m/
d2mxj

þ /
d2mw
d2mxj

¼ dm
fw/

mxj

dmxj
; ð55Þ

w
dm/
dmxj

mxj

þ /
dmw
dmxj

¼ dmw /
mxj

dmxj
; ð56Þ

/
dmw /

mxj

dmxj
þ w

dm/
dmxj

mxj
 !

¼ dmw f//
mxj

dmxj
; ð57Þ

d1/
1t

d1t
¼ d1/

d1t

1t

; ð58Þ

w
1t d1/

d1t
þ /

1t d1w
d1t
¼ d1w/

d1t
; ð59Þ

/
1t d1/

d1t
¼ 1

2
d1/

2

d1t
;

ffiffiffiffi
/

p 1t d1
ffiffiffiffi
/
p

d1t
¼ 1

2
d1/
d1t

; ð60Þ

/
1t

mxi

¼ /
mxi

1t
;

d1 /
mxi

d1t
¼ d1/

d1t

mxi

;
dm/

1t

dmxj
¼ dm/

dmxj

1t

: ð61Þ
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4.2. Fully conservative second-order accurate finite difference scheme in a staggered grid system

In this subsection, a finite difference scheme in a spatio-temporal staggered grid system like Pierce et al. [17] and Wall
et al. [18] is discussed. An example of the staggered grid system on x1 � x2 plane is shown in Fig. 1(a). Each velocity compo-
nent is staggered in space by one-half grid spacing with respect to the scalar variables [2]. Fig. 1(b) shows an example of the
staggered grid system on x1 � t plane. The main difference from the spatio-temporal grid system by Pierce et al. [17] and
Wall et al. [18] is the temporal arrangement of internal energy. The energy variable is arranged at the same temporal level
as that for the velocity. This arrangement makes the definition of discrete total energy norm unambiguous as shown later (in
(83) and (84)). In addition, the diagonal components of stress tensor are defined at the center of cells, while the off-diagonal
components are defined on different edges.

Based on the analytical requirements of the governing equations and the relation between discrete operators, we can con-
struct fully discrete fully conservative second-order accurate finite difference scheme for (20)–(23):
ðCont:-FS2Þ ¼ 0; ð62Þ

ðConv:-FS2Þi þ ðPres:-FS2Þi ¼
d1sij

d1xj
; ð63Þ

ðConv:-FS2Þe þ ðPD:-FS2Þe ¼ sij �
d1 bui

d1xj

� �
�

d1qj

d1xj
; ð64Þ

with p1t ¼ pðq1t ; eÞ; or q1t ¼ qðp1t; eÞ; or e ¼ eðq1t ;p1tÞ: ð65Þ
bui is a special interpolation of the velocity and defined later in (74). In this study, discretizations are done at possible spatio-tem-
poral locations corresponding to the discrete operators and the configuration of discrete variables. For instance, the discrete
continuity is defined at the point of internal energy. Inviscid terms are denoted symbolically, where �FS2 denotes a fully dis-
crete second-order accurate approximation in a staggered grid system. ðCont:-FS2Þ is the left-hand side of the continuity.
ðCont:-FS2Þ � d1q
d1t
þ

d1 gj

d1xj
ð¼ 0Þ; ð66Þ
where gj is the numerical mass flux for the second-order scheme in a staggered grid system defined by
gj � q1t
1xj

uj: ð67Þ
ðConv :-FS2Þi is a generic form of the convection scheme for the momentum equation and takes one of the following three
forms, that is, divergence, advective and skew-symmetric forms:
ðDiv :-FS2Þi �
d1 q1t

1xi

ui

d1t
þ

d1 gj
1t

1xi bui
1xj

d1xj
; ð68Þ

ðAdv :-FS2Þi � q1t
1xi

1t
d1ui

d1t
þ ui

1t � bui


 � d1q1t
1xi

d1t
þ gj

1t
1xi d1 bui

d1xj

1xj

; ð69Þ

ðSkew:-FS2Þi �

ffiffiffiffiffiffiffiffiffiffiffiffi
q1t

1xi

r 1t

d1

ffiffiffiffiffiffiffiffiffiffiffiffi
q1t

1xi
q

ui

d1t
þ 1

2
d1 gj

1t
1xi bui

1xj

d1xj
þ gj

1t
1xi d1 bui

d1xj

1xj
0@ 1A; ð70Þ
where the second term in the right-hand side of ðAdv :-FS2Þi is required for the commutability with ðDiv:-FS2Þi and
ðSkew:-FS2Þi, although it seems to be anomalous. ðConv :-FS2Þe is a generic form of the convection scheme for the internal
energy equation and takes one of the following forms:
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Fig. 1. Spatio-temporal staggered grid system. i; j, and n are spatio-temporal location indices.
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ðDiv :-FS2Þe �
d1 q1te

d1t
þ

d1 gj
1t ê

1xj

d1xj
; ð71Þ

ðAdv :-FS2Þe � q1t
1t d1e

d1t
þ e1t � ê

 � d1q1t

d1t
þ gj

1t d1ê
d1xj

1xj

; ð72Þ

ðSkew:-FS2Þe �
ffiffiffiffiffiffiffi
q1t

q 1t d1

ffiffiffiffiffiffiffi
q1t

q
e

d1t
þ 1

2
d1 gj

1t ê
1xj

d1xj
þ gj

1t d1ê
d1xj

1xj
0@ 1A: ð73Þ
bui and ê are special interpolations which require for the construction of fully discrete fully conservative schemes:
bui �

ffiffiffiffiffiffiffiffiffiffiffiffi
q1t

1xi
q

ui

1t

ffiffiffiffiffiffiffiffiffiffiffiffi
q1t

1xi
q 1t ; ê �

ffiffiffiffiffiffiffi
q1t

q
e

1t

ffiffiffiffiffiffiffi
q1t

q 1t : ð74Þ
The square-root density weighted interpolation was independently derived by Morinishi [20] and Subbareddy and Can-
dler [21]. The derivation by Subbareddy and Candler [21] is based on the Roe’s parameter vector [22]. The author’s derivation
[20] is more straightforward and based on the discrete form of the temporal derivative term in the skew-symmetric form. For
instance, ê is derived so as to satisfy the following relation:
ê
ffiffiffiffiffiffiffi
q1t

q 1t d1

ffiffiffiffiffiffiffi
q1t

q
e

d1t

0@ 1A ¼ d1 q1t e2=2
d1t

:

The term in parentheses is a natural discrete form for the temporal derivative term in (30) and shown in (73). The right-
hand side of the above equation is rewritten using (60) as
d1 q1t e2=2
d1t

¼
ffiffiffiffiffiffiffi
q1t

q
e

1t d1

ffiffiffiffiffiffiffi
q1t

q
e

d1t
¼

ffiffiffiffiffiffiffi
q1t

q
e

1t

ffiffiffiffiffiffiffi
q1t

q 1t

0BB@
1CCA ffiffiffiffiffiffiffi

q1t
q 1t d1

ffiffiffiffiffiffiffi
q1t

q
e

d1t

0@ 1A:

Comparing these equations, the definition of ê in (74) is obtained. Then, the spatial derivative term in the skew-symmet-

ric form of (73) is derived to satisfy the secondary conservation property using (57) and ê.
ðPres:-FS2Þi and ðPD:-FS2Þe are the discrete pressure term in the momentum equation and the discrete pressure-dilatation

term in the internal energy equation defined, respectively, by
ðPres:-FS2Þi �
d1p1t

1t

d1xi
; ð75Þ

ðPD:-FS2Þe � p1t
1t d1 bui

d1xi
: ð76Þ
The double temporal interpolation on the pressure was introduced by Wall et al. [18] to make the pressure term implicit.
Discrete commutability between the divergence and advective forms for the momentum equation is demonstrated using

(53), (56), (58), (59) and (61) as follows:
ðDiv :-FS2Þi ¼ ðAdv :-FS2Þi þ bui ðCont:-FS2Þ1t
1xi

: ð77Þ
The relation for the skew-symmetric form for the momentum equation is demonstrated using (59), (60) and (77) as
ðSkew:-FS2Þi ¼
1
2
ðDiv:-FS2Þi þ

1
2
ðAdv :-FS2Þi ¼ ðDiv :-FS2Þi �

1
2
bui ðCont:-FS2Þ1t

1xi

¼ ðAdv :-FS2Þi þ
1
2
bui ðCont:-FS2Þ1t

1xi

: ð78Þ
The secondary conservation property of the skew-symmetric form for the momentum equation is also demonstrated
using (57) and (60) as
cua ðSkew:-FS2Þa ¼
d1 q1t

1xa
u2

a=2
d1t

þ
d1 gj

1t
1xa gcua cua

1xj

=2
d1xj

; ð79Þ
where the summation rule is not taken for the subscript a. These are discrete analogues of (33)–(35). The commutability and
secondary conservation property of the convection schemes for the internal energy equation are also demonstrated in the
same way:
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ðDiv :-FS2Þe ¼ ðAdv:-FS2Þe þ ê ðCont:-FS2Þ1t
; ð80Þ

ðSkew:-FS2Þe ¼
1
2
ðDiv :-FS2Þe þ

1
2
ðAdv:-FS2Þe ¼ ðDiv :-FS2Þe �

1
2

ê ðCont:-FS2Þ1t ¼ ðAdv:-FS2Þe þ
1
2

ê ðCont:-FS2Þ1t
; ð81Þ

ê ðSkew:-FS2Þe ¼
d1 q1t e2=2

d1t
þ

d1 gj
1t f̂e ê

1xj
=2

d1xj
: ð82Þ
The convective term of the total energy equation obtained as a result is written as the following form using (53), (57) and
(60),
bui ðSkew:-FS2Þi
1xi þ ðDiv:-FS2Þe ¼

d1ðqEÞFS2

d1t
þ d1

d1xj

1
2

gj
1t

1xi gbui bui

1xj
1xi

þ gj
1t ê

1xj

 !
; ð83Þ
where ðqEÞFS2 is the discrete total energy norm conserved by the second-order scheme;
ðqEÞFS2 �
1
2

q1t
1xi

uiui

1xi

þ q1te: ð84Þ
The conservation property of the pressure term in the total energy equation is then demonstrated using (56) as
bui ðPres:-FS2Þi
1xi þ ðPD:-FS2Þe ¼

d1 bui p1t
1t

1xi

d1xi
: ð85Þ
The total energy conservation for the viscous term is also demonstrated as follows:
bui
d1sij

d1xj

1xi

þ sij �
d1 bui

d1xj

� �
¼ d1 bui � sij

d1xj

� �
; ð86Þ
where
sij �
d1 bui

d1xj

� �
� s11

d1cu1

d1x1
þ s22

d1cu2

d1x2
þ s33

d1cu3

d1x3

� �
þ s12

d1cu1

d1x2
þ d1cu2

d1x1

� �1x1
1x2

þ s13
d1cu1

d1x3
þ d1cu3

d1x1

� �1x1
1x3

þ s23
d1cu2

d1x3
þ d1cu3

d1x2

� �1x2
1x3

ð87Þ
is the discrete viscous heating term in the internal energy equation, and
d1 bui � sij

d1xj

� �
�

d1 cu1s11
1x1 þcu2

1x1
s21

1x2

þcu3
1x1

s32

1x3
 !

d1x1
þ

d1 cu1
1x2

s21

1x1

þcu2s11
1x2 þcu3

1x2
s32

1x3
 !

d1x2

þ
d1 cu1

1x3s31

1x1

þcu2
1x3s32

1x2

þcu3s33
1x3

 !
d1x3

ð88Þ
is the viscous diffusion term in the discrete total energy equation.
The present fully discrete scheme is fully conservative at the inviscid limit in the following sense: the convection schemes

for divergence and skew-symmetric forms are primary and secondary conservative, respectively, without the aid of the dis-
crete continuity; the convection schemes for divergence, advective, and skew-symmetric forms are commutable if the dis-
crete continuity is satisfied; and the sum of the pressure work term in the consequent kinetic energy equation and the
pressure-dilatation term in the internal energy equation is conservative. These constraints are exactly satisfied in the spa-
tio-temporal discretization. In the present scheme, the sum of the viscous work term in the kinetic energy equation and
the viscous heating term in the internal energy equation is also conservative, although this condition is not mandatory
for stable unsteady simulation at high Reynolds number. In addition, the present discretization for the continuity and
momentum equations reduces to the fully discrete fully conservative scheme for incompressible flow by Ham et al. [16]
at the limit of constant density.

4.3. Spatially fourth-order accurate fully conservative finite difference scheme in a staggered grid system

In this subsection, spatially fourth-order fully discrete fully conservative schemes for the inviscid terms are constructed
based on the same way as in Morinishi et al. [1]. Commutability and secondary conservation property of the convection
schemes and the energy conservation property of the pressure-related terms are demonstrated in the same way as those
for the second-order scheme. Therefore, the corresponding discrete properties are presented without any proofs. The scheme
for the left-hand side of the continuity is
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ðCont:-FS42Þ �
d1q
d1t
þ 9

8
d1 gj

d1xj
� 1

8
d3 gj

d3xj

� �
ð¼ 0Þ; ð89Þ
where �FS42 denotes a fully discrete spatially fourth-order accurate approximation in a staggered grid system with the sec-
ond-order accurate temporal discretization. In this subsection, the numerical mass flux is replaced by
gj � q1t
4thxj

uj; ð90Þ

where /

4thxj � ð9/
1xj � /

3xj Þ=8 is the fourth-order accurate spatial interpolation. The fourth-order accurate convection schemes
for the momentum equation with the divergence, advective, and skew-symmetric forms are defined, respectively, as
ðDiv :-FS42Þi �
d1 q1t

4thxi

ui

d1t
þ 9

8
d1 gj

1t
4thxi bui

1xj

d1xj
� 1

8
d3 gj

1t
4thxi bui

3xj

d3xj

0@ 1A; ð91Þ

ðAdv :-FS42Þi � q1t
4thxi

1t
d1ui

d1t
þ ui

1t � bui


 � d1q1t
4thxi

d1t
þ 9

8
gj

1t
4thxi d1 bui

d1xj

1xj

� 1
8

gj
1t

4thxi d3 bui

d3xj

3xj
0@ 1A; ð92Þ

ðSkew:-FS42Þi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1t

4thxi

r 1t

d1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1t

4thxi
q

ui

d1t
þ 1

2
9
8

d1 gj
1t

4thxi bui
1xj

d1xj
� 1

8
d3gj

1t
4thxi bui

3xj

d3xj

0@ 1A
þ 1

2
9
8

gj
1t

4thxi d1 bui

d1xj

1xj

� 1
8

gj
1t

4thxi d3 bui

d3xj

3xj
0@ 1A; ð93Þ
where the square-root density weighted interpolation of velocity is replaced by
bui �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1t

4thxi
q

ui

1t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1t

4thxi
q 1t : ð94Þ
The fourth-order accurate convection schemes for the internal energy equation are also defined in the same manner as
follows:
ðDiv :-FS42Þe �
d1 q1te

d1t
þ 9

8
d1 gj

1t ê
1xj

d1xj
� 1

8
d3 gj

1t ê
3xj

d3xj

0@ 1A; ð95Þ

ðAdv :-FS42Þe � q1t
1t d1e

d1t
þ ðe1t � êÞ d1q1t

d1t
þ 9

8
gj

1t d1ê
d1xj

1xj

� 1
8

gj
1t d3ê

d3xj

3xj
 !

; ð96Þ

ðSkew:-FS42Þe �
ffiffiffiffiffiffiffi
q1t

q 1t d1

ffiffiffiffiffiffiffi
q1t

q
e

d1t
þ 1

2
9
8

d1 gj
1t ê

1xj

d1xj
� 1

8
d3 gj

1t ê
3xj

d3xj

0@ 1A
þ 1

2
9
8

gj
1t d1ê

d1xj

1xj

� 1
8

gj
1t d3ê

d3xj

3xj
 !

: ð97Þ
The square-root density weighted interpolation of internal energy, ê, is the same as that for the second-order scheme as
shown in (74). The fourth-order discrete forms for the pressure-related terms in the momentum and internal equations are
ðPres:-FS42Þi �
9
8

d1p1t
1t

d1xi
� 1

8
d3p1t

1t

d3xi
; ð98Þ

ðPD:-FS42Þe � p1t
1t 9

8
d1 bui

d1xi
� 1

8
d3 bui

d3xi

� �
: ð99Þ
Commutability and secondary conservation property of the convection schemes for the momentum equation are demon-
strated as follows:
ðDiv :-FS42Þi ¼ ðAdv:-FS42Þi þ bui
9
8
ðCont:-FS42Þ

1t
1xi

� 1
8
ðCont:-FS42Þ

1t
3xi

( )
; ð100Þ

ðSkew:-FS42Þi ¼
1
2
ðDiv :-FS42Þi þ

1
2
ðAdv :-FS42Þi

¼ ðDiv:-FS42Þi �
1
2
bui

9
8
ðCont:-FS42Þ

1t
1xi

� 1
8
ðCont:-FS42Þ

1t
3xi

( )

¼ ðAdv:-FS42Þi þ
1
2
bui

9
8
ðCont:-FS42Þ

1t
1xi

� 1
8
ðCont:-FS42Þ

1t
3xi

( )
; ð101Þ
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cua ðSkew:-FS42Þa ¼
d1 q1t

4thxa
u2

a=2
d1t

þ 9
8

d1 gj
1t

4thxa gcua cua

1xj

=2
d1xj

� 1
8

d3 gj
1t

4thxa gcua cua

3xj

=2
d3xj

; ð102Þ
where the summation rule is not taken for the subscript a in the last equation. The commutability and secondary conserva-
tion property of the convection schemes for the internal energy equation are also indicated as follows:
ðDiv :-FS42Þe ¼ ðAdv :-FS42Þe þ ê ðCont:-FS4Þ1t
; ð103Þ

ðSkew:-FS42Þe ¼
1
2
ðDiv:-FS42Þe þ

1
2
ðAdv:-FS42Þe ¼ ðDiv :-FS42Þe �

1
2

ê ðCont:-FS4Þ1t ¼ ðAdv :-FS42Þe þ
1
2

ê ðCont:-FS4Þ1t
;

ð104Þ

ê ðSkew:-FS42Þe ¼
d1 q1t e2=2

d1t
þ 9

8
d1 gj

1t f̂e ê
1xj
=2

d1xj
� 1

8
d3 gj

1t f̂e ê
3xj
=2

d3xj
: ð105Þ
The convective term of the total energy equation obtained as a result is written in the following form:
9
8
bui ðSkew:-FS42Þi

1xi � 1
8
bui ðSkew:-FS42Þi

3xi

� �
þ ðDiv:-FS42Þe

¼
d1ðqEÞFS42

d1t
þ 9

8
d1

d1xj

1
2

gj
1t

4thxi gbui bui

1xj
1xi

þ gj
1t ê

1xj

 !
� 1

8
d3

d3xj

1
2

gj
1t

4thxi gbui bui

3xj
3xi

þ gj
1t ê

3xj

 !
; ð106Þ
where conserved discrete total energy norm for the fourth-order scheme, ðqEÞFS42
, is
ðqEÞFS42
� 1

2
q1t

4thxi

uiui

4thxi

þ q1te: ð107Þ
The conservation property of the pressure term in the total energy equation is then demonstrated as
9
8
bui ðPres:-FS42Þi

1xi � 1
8
bui ðPres:-FS42Þi

3xi

� �
þ ðPD:-FS42Þe ¼

9
8

d1 bui p1t
1t

1xi

d1xi
� 1

8
d3 bui p1t

1t
3xi

d3xi
: ð108Þ
Spatially sixth- and higher-order schemes are also constructed in the same manner as in Morinishi et al.[1,4]. Arrangement
for a non-uniform staggered grid is done in the same way as in Appendix B and Morinishi et al.[4]. Corresponding high-order
treatment for the viscous term and recommendable boundary treatment are undertaken in the same way as in Desjardins
et al. [7].

5. Semi-discrete convection schemes

For semi-discrete schemes considered in this section, the spatio-temporal grid in Fig. 1(b) is replaced by Fig. 2.
Semi-discrete fully conservative finite difference schemes in a staggered grid system are written as

ðCont:-S2Þ; ðDiv :-S2Þi; ðCont:-S4Þ; ðDiv :-S4Þi, etc., which are the exclusions of the temporal discretization operators from
ðCont:-FS2Þ; ðDiv :-FS2Þi; ðCont:-FS42Þ; ðDiv :-FS42Þi, etc., respectively. For instance, the fourth-order accurate semi-discrete
schemes for the left-hand side of the continuity and the convection forms of the momentum equation are
ðCont:-S4Þ � d q
dt
þ 9

8
d1 q4thxj uj

d1xj
� 1

8
d3 q4thxj uj

d3xj
ð¼ 0Þ;

ðDiv:-S4Þi �
d q4thxi ui

dt
þ 9

8
d1 q4thxj uj

4thxi

ui
1xj

d1xj
� 1

8
d3 q4thxj uj

4thxi

ui
3xj

d3xj
;

ðAdv:-S4Þi � q4thxi
d ui

dt
þ 9

8
q4thxj uj

4thxi d1ui

d1xj

1xi

� 1
8

q4thxj uj

4thxi d3ui

d3xj

3xi

;

ðSkew:-S4Þi �
ffiffiffiffiffiffiffiffiffiffiffi
q4thxi

q d
ffiffiffiffiffiffiffiffiffiffiffi
q4thxi

q
ui

dt
þ 1

2
9
8

d1 q4thxj uj

4thxi

ui
1xj

d1xj
� 1

8
d3 q4thxj uj

4thxi

ui
3xj

d3xj

0@ 1A
þ 1

2
9
8

q4thxj uj

4thxi d1ui

d1xj

1xi

� 1
8

q4thxj uj

4thxi d3ui

d3xj

3xi
 !

:

The fourth-order accurate convection schemes above are equivalent if ðCont:-S4Þ ¼ 0 and time marching error is negligi-
ble. The semi-discrete schemes of the convection forms of the internal energy equation and the pressure-related terms are
defined in the same way. The schemes for divergence and advective forms are straightforward extensions of the fourth-order
accurate schemes for incompressible flow by Morinishi et al. [1], and have already been used in Nicoud [6] and Desjardins
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Fig. 2. Spatio-temporal grid for semi-discrete schemes. i and n are spatio-temporal location indices.
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et al. [7]. Note that the temporal derivative term is included in each form in the present study, which is one of the important
points for the construction of a set of commutable convection schemes for compressible flow. Even for semi-discrete meth-
ods, the present skew-symmetric form seems to be the first in the literature to the author’s knowledge.

For compressible flow simulations at a low-Mach number, a compact finite difference has been used as a high-order spa-
tial discretization method after Lele [23]. However, the convection schemes with the compact finite difference are in general
not commutable with each other even if the corresponding discrete continuity is satisfied, and none of the fully conservative
convection scheme with the compact finite difference seems to exist. This means that the choice of the form of convection is
definite for the reliability of the simulation with the compact finite difference. The rest of this section concentrates on the
construction of a semi-discrete convection scheme with a compact finite difference in a staggered grid system. For the read-
er’s convenience, the compact finite difference scheme in a regular grid system is presented in Appendix A.2.

5.1. Mid-point compact finite difference

It is natural to introduce the mid-point compact finite difference and interpolation to the schemes in a staggered grid sys-
tem [24]. The n-th order accurate mid-point compact finite difference in x1 direction up to n ¼ 8; dcn /=dcn x1, is obtained by
solving the following tri-diagonal system [23]:
a
dcn /
dcn x1

				
i�1;j;k

þ dcn /
dcn x1

				
i;j;k

þ a
dcn /
dcn x1

				
iþ1;j;k

¼ A
d1/
d1x1

				
i;j;k

þ B
d3/
d3x1

				
i;j;k

þ C
d5/
d5x1

				
i;j;k

: ð109Þ
A general sixth-order compact finite difference is given by A ¼ ð225� 206aÞ=192; B ¼ ð414a� 25Þ=128, and
C ¼ ð9� 62aÞ=384. a ¼ 9=62 is the most compact sixth-order compact finite difference. The eighth-order formula is obtained
with a ¼ 75=354. The n-th order accurate compact interpolation in x1 direction up to n ¼ 8; /

cnx1 , is also obtained by solving
the following tri-diagonal system:
�a/
cnx1
			
i�1;j;k

þ /
cnx1
			

i;j;k
þ �a/

cnx1
			

iþ1;j;k
¼ A/

1x1
			
i;j;k
þ B/

3x1
			

i;j;k
þ C/

5x1
			
i;j;k
: ð110Þ
A general sixth-order compact interpolation is given by A ¼ ð75þ 70�aÞ=64; B ¼ ð126�a� 25Þ=128, and C ¼ ð3� 10�aÞ=128.
�a ¼ 3=10 is the most compact sixth-order compact interpolation. The eighth-order formula is obtained with �a ¼ 5=14. The
compact difference and interpolation in x2 and x3 directions are defined in the same way as for x1 direction.

5.2. Compact finite difference schemes in a staggered grid system

The left-hand side of the continuity is discretized with the compact finite difference and interpolation in a staggered grid
system as
ðCont:-SCnÞ � dq
dt
þ dcnq

cnxj uj

dcn xj
ð¼ 0Þ; ð111Þ
where �SCn denotes a n-th order accurate compact scheme in a staggered grid system. For instance, �SC6 stands for a sixth-
order accurate compact scheme in a staggered grid system. The schemes of the three convection forms for the momentum
equation are as follows:
ðDiv :-SCnÞi �
d qcnxi ui

dt
þ dcnq

cnxj uj
cnxi

ui
cnxj

dcn xj
; ð112Þ

ðAdv :-SCnÞi � qcnxi
dui

dt
þ qcnxj uj

cnxi dcn ui

dcn xj

cnxj

; ð113Þ

ðSkew:-SCnÞi �
ffiffiffiffiffiffiffiffiffiffi
qcnxi

q d
ffiffiffiffiffiffiffiffiffiffi
qcnxi

p
ui

dt
þ 1

2
dcnq

cnxj uj
cnxi

ui
cnxj

dcn xj
þ qcnxj uj

cnxi dcn ui

dcn xj

cnxj
 !

: ð114Þ
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The three convection forms for the internal energy equation are discretized as
ðDiv :-SCnÞe �
dq e

dt
þ dcnq

cnxj uje
cnxj

dcn xj
; ð115Þ

ðAdv :-SCnÞe � q
de
dt
þ qcnxj uj

dcn e
dcn xj

cnxj

; ð116Þ

ðSkew:-SCnÞe �
ffiffiffiffi
q
p d

ffiffiffiffiqp e
dt
þ 1

2
dcnq

cnxj uje
cnxj

dcn xj
þ qcnxj uj

dcn e
dcn xj

cnxj
 !

: ð117Þ
The pressure term in the momentum equation and the pressure-dilatation term in the internal energy equation are dis-
cretized as follows:
ðPres:-SCnÞi �
dcn p
dcn xi

; ð118Þ

ðPD:-SCnÞe � p
dcn ui

dcn xi
: ð119Þ
Note that the set of convection schemes with the n-th order accurate compact finite difference are in general not com-
mutable even if the corresponding discrete continuity, ðCont:-SCnÞ ¼ 0, is satisfied. Nevertheless, the analysis is interesting
because of the prospect for the numerical stability with the present skew-symmetric form.
6. Numerical tests

6.1. Time marching methods

A third-order Runge–Kutta method [25] is used for time advancement of the semi-discrete equations for mass, momen-
tum and internal energy in Section 5. The transport equations with divergence, advective, and skew-symmetric forms of con-
vection are advanced, respectively, with the following procedures:
dðq/Þ
dt

¼ RD
/ ! ðq/Þnþ1 ! /nþ1 ¼ ðq/Þnþ1

=qnþ1;

d/
dt
¼ 1

q
RA

/ ! /nþ1;

dð ffiffiffiffiqp /Þ
dt

¼ 1ffiffiffiffiqp RS
/ ! ð

ffiffiffiffi
q
p

/Þnþ1 ! /nþ1 ¼ ð ffiffiffiffiqp /Þnþ1
=
ffiffiffiffiffiffiffiffiffiffi
qnþ1

p
;

where RD
/; RA

/, and RS
/ are the right-hand sides of the corresponding equations. The pressure is estimated using the equation

of state in simulations with semi-discrete schemes.
On the other hand, the fully discrete finite difference schemes proposed in Section 4 require a robust solver for the non-

linear discrete system. In this study, the non-linear system of fully discrete equations is solved using the Jacobian-free New-
ton-Krylov (JFNK) method [26,27] with the flexible preconditioning GMRES(m) method [28,29] as the Krylov inner solver,
where m is the period of restarted GMRES method and m of 30 is used. In the non-linear solver, pressure, velocity, and inter-
nal energy are selected as the components of the solution vector. The choice of pressure as one of the solution vector com-
ponents corresponds to the pressure-based method in which the pressure Helmholtz equation is solved [17,18]. The density
is estimated using the equation of state. The non-linear solver may be replaced by the Helmholtz method with some mod-
ifications for practical problems.

6.2. Periodic inviscid flow

To demonstrate the fully conservative property of the present schemes with numerical test, inviscid flow simulations are
performed on a three-dimensional periodic domain. This is very simple but is an ideal test for the secondary conservation
property of convection schemes. The analytical conservation requirements dictate that the mass, momentum and total en-
ergy should be conserved in time, while the mass, momentum, and internal energy equations are solved. The periodic region
is L0 � L0 � L0 ðL0 ¼ 1Þ, and 10� 10� 10 mesh is used. Solenoidal initial velocity fields are generated from a vector potential
constructed from a set of uniform random numbers. The initial velocity fields are then normalized as hu1i ¼ hu2i ¼ hu3i ¼ 0
and hu021 þ u022 þ u023 i=3 ¼ u2

0, where hi indicates volumetric average. The initial thermodynamic variables are uniformly set to
q=q0 ¼ 1; e=u2

0 ¼ 1=½cðc� 1ÞM2
0�, and p=ðq0u2

0Þ ¼ 1=ðcM2
0Þ, where M0 ¼ u0=c0 ¼ 0:2 is the initial Mach number. The thermo-

dynamic conditions correspond to e=e0 ¼ 1 and p=p0 ¼ 1, where c0 ¼ ½cq0=p0�
1=2 ¼ ½cðc� 1Þe0�1=2 is the initial speed of sound.

Table 1 shows the relative error of total energy, eE � ðhqEi � hqEi0Þ=hqEi0, for several semi-discrete schemes in a stag-
gered grid system with RK3 after an integration time of tu0=L0 ¼ 10. Time increment of Dt u0=L0 ¼ 0:002 corresponds to
the initial Courant number of 0.16, which is lower than the stability limit of C < 1:73 for RK3. The semi-discrete fully con-



Table 1
Total energy conservation error for semi-discrete schemes with RK3. Dtu0=L0 ¼ 0:002:

Convection schemes eE at tu0=L0 ¼ 10

ðDiv :-S2Þ �3:275 � 10�5

ðAdv :-S2Þ �7:274 � 10�5

ðSkew:-S2Þ �6:689 � 10�5

ðDiv :-S4Þ �6:296 � 10�5

ðAdv :-S4Þ �1:377 � 10�4

ðSkew:-S4Þ �1:276 � 10�4

ðDiv :-SC6Þ Blow up
ðAdv :-SC6Þ Blow up
ðSkew:-SC6Þ �1:171 � 10�3
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servative second- and fourth-order schemes with the divergence forms, ðDiv :-S2Þ and ðDiv:-S4Þ, conserve total energy to
within the time marching error. The corresponding semi-discrete schemes with advective and skew-symmetric forms,
ðAdv :-S2Þ; ðSkew:-S2Þ, ðAdv :-S4Þ, and ðSkew:-S4Þ, are also seen to be conservative. The results of the sixth-order accurate
compact finite difference method ða ¼ 9=62; a ¼ 3=10Þ with the divergence and advective forms, ðDiv:-SC6Þ and
ðAdv :-SC6Þ, diverge. The only stable case with the compact finite difference method is the one with the skew-symmetric
form of convection, ðSkew:-SC6Þ. This reveals that a stable simulation with high-order compact finite difference is possible
with the skew-symmetric form of convection without any stabilization technique like low-pass filtering.

Table 2 shows the relative total energy error for several fully discrete schemes in a staggered grid system. The fully dis-
crete fully conservative second-order accurate schemes, ðDiv:-FS2Þ; ðAdv :-FS2Þ, and ðSkew:-FS2Þ, conserve total energy to
within the round-off error of computer, which demonstrates the complete commutability and conservation property of
the present schemes. The fully discrete fully conservative spatially fourth-order accurate schemes,
ðDiv:-FS42Þ; ðAdv:-FS42Þ, and ðSkew:-FS42Þ, also conserve total energy to within the round-off error. In this table,
ðDiv:-FS20Þi is the convection scheme with divergence form, where bui in (68) is replaced by ui

1t ,
Table 2
Total en

Conv

ðDiv
ðAdv
ðSkew

ðDiv
ðAdv
ðSkew

ðDiv
ðDiv :-FS20Þi �
d1 q1t

1xi

ui

d1t
þ

d1 gj
1t

1xi

ui
1t

1xj

d1xj
; ð120Þ
which corresponds to the fully discrete convection scheme in Pierce et al. [17] and Wall et al. [18]. As mentioned by Pierce
et al. [17], this convection scheme has a secondary conservation error of OðDt2Þ. Note that the time marching method used in
the above convection scheme is not the Crank–Nicolson method but an implicit mid-point method which is equivalent to the
one-stage second-order accurate implicit Runge–Kutta (IRK2) method. Therefore, the time marching method in the fully dis-
crete fully conservative schemes in Section 4 is regarded as a modified implicit mid-point method.

Fig. 3 shows the relative total energy error at tu0=L0 ¼ 10 as a function of the time increment for several schemes. As ex-
pected, the time stepping error decreases with the cube of Dt for the semi-discrete schemes with RK3. The error of ðDiv :-FS20Þ
decreases with the square of Dt, which demonstrates numerically the estimation of Pierce et al. [17]. On the other hand, the
errors of ðDiv :-FS2Þ and ðDiv :-FS42Þ retain the order of a computer round-off error as long as the non-linear solver works.
Indeed, the Courant number for Dtu0=L0 ¼ 0:1 is over 8.

6.3. Compressible isotropic turbulence

The second numerical test validates the fully discrete fully conservative second-order accurate scheme in Section 4 for
viscous flow by performing DNS of compressible isotropic turbulence on a 643 grid with Rek ¼ 30 and Mt0 ¼ 0:3, where
Rek � q0u0k=l0 and Mt0 �

ffiffiffi
3
p

u0=c0. The periodic computational box is 2pL0 � 2pL0 � 2pL0. The solenoidal initial velocity
field is generated with a spectrum distribution [30] of
ergy conservation error for fully discrete schemes. Dtu0=L0 ¼ 0:002:

ection schemes eE at tu0=L0 ¼ 10

:-FS2Þ �3:526� 10�14

:-FS2Þ �1:266� 10�13

:-FS2Þ �3:009� 10�13

:-FS42Þ �1:355� 10�14

:-FS42Þ �3:425� 10�13

:-FS42Þ �2:541� 10�13

:-FS20Þ þ2:110� 10�7
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EðkÞ ¼ 16

ffiffiffiffi
2
p

r
u2

0

kp

k
kp

� �4

e�2k2=k2
p ; ð121Þ
where the peak wavenumber is set to kp ¼ 4=L0. The large eddy turnover time for this spectrum is s ¼ 2=ðkpu0Þ. The initial
Taylor microscale of the flow was k � ½hu01

2i=hð@u01=@x1Þ2i�1=2 � 0:5L0. The thermodynamic variables are uniformly set to
q=q0 ¼ 1; e=u2

0 ¼ 3=½cðc ¼ 1ÞM2
t0
�, and p=ðq0u2

0Þ ¼ 3=ðcM2
t0
Þ. These conditions correspond to e=e0 ¼ 1 and p=p0 ¼ 1, where

c0 ¼ ½cq0=p0�
1=2 ¼ ½cðc� 1Þe0�1=2 is the initial speed of sound. A time increment of Dt=s ¼ 0:02 corresponds to the Courant

number around 1.0.
The evolution of turbulence kinetic energy and thermodynamic variable fluctuations are show in Fig. 4. The various fluc-

tuation quantities are defined by: K � hu01
2 þ u02

2 þ u03
2i=2; p0rms � hp02i

1=2
; t0rms � hð1=qÞ

0;2i1=2, and e0rms � he02i
1=2. In the figure,
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Compressible isotropic turbulence with the second-order fully discrete fully conservative scheme proposed in Section 4. � are the de-aliased
l DNS data at Rek ¼ 30 in [19].
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	 are the de-aliased spectral DNS data in [19] with Rek ¼ 30 and Mt0 ¼ 0:3 with the corresponding initial condition. The pres-
ent Rek ¼ 30 simulation is regarded as a DNS and very good agreement with the referenced DNS data is observed. The present
simulations except Rek ¼ 30 are unresolved and are carried out in order to check the non-linear numerical stability of the
scheme for viscous flow. The fluctuation intensities increase with increasing Rek, however, the values are bounded at those
for the inviscid simulation ðRek ¼ 1Þ. Even for the inviscid case the simulation is stable for the present initial condition.

6.4. Open cavity flow

The third numerical test is done on the simulation of a periodic two dimensional channel flow with an open cavity, in
which the streamwise grid spacings around the vertical cavity wall lines are fine as shown in Fig. 5. The flow field is
composed of periodic main channel of 5h� 2h and a shallow open cavity of 2h� h=2 and is bounded with upper and
lower isothermal walls. The grid numbers in the main channel and open cavity are 260� 100 and 100� 50, respectively.
The grid spacings adjacent to the walls are set to h=200. The Reynolds number based on the half main channel height
Reh � q0Uch=l0 is set to 800 or 1200, where Uc is the centerline velocity of laminar basic solution for the plane channel.
The periodic flow is driven by the streamwise non-dimensional uniform body force of �2=Reh. The Mach number based
on the centerline velocity and internal energy on the walls is Mc � Uc=c0 ¼ 0:2, where c0 ¼ ½cðc� 1Þe0�1=2 and e0 is
internal energy on the walls. The initial velocity profile in the main channel is the basic solution for the laminar plane
channel. The initial thermodynamic variables are uniformly set to q=q0 ¼ 1; e=U2

c ¼ 1=½cðc� 1ÞM2
c �, and p=ðq0U2

c Þ ¼
1=ðcM2

c Þ.
The simulation is carried out using the fully discrete fully conservative second-order accurate finite difference scheme in

the non-uniform staggered grid system presented in Appendix B. Stable simulations were possible with a non-dimensional
time increment of UcDt=h ¼ 0:01. The corresponding maximum Courant number is about C ¼ 12, which demonstrates the
robustness of the scheme for simulations with stretching mesh like Fig. 5. Fig. 6 shows the temporal evolution of bulk veloc-
Fig. 5. Numerical mesh for open cavity flow simulation.
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Fig. 6. Evolution of bulk velocity at a section of main channel.
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fully discrete fully conservative finite difference schemes are derived by introducing the square-root density weighted inter-
polation, in which the analytical requirements are discretely satisfied. The schemes of divergence, advective, and skew-sym-
metric forms of convection are commutable if the corresponding discrete continuity is satisfied, and the divergence and
skew-symmetric schemes are, respectively, primary and secondary conservative, without the aid of the discrete continuity.
In addition, the convection scheme based on the skew-symmetric form suitable for compact finite difference is presented.
The conservation properties of the present schemes are demonstrated numerically in a periodic inviscid flow. DNS of com-
pressible isotropic turbulence and two-dimensional open cavity flow are also performed using the present fully discrete fully
conservative second-order scheme.
Acknowledgments

This work was supported by Grants-in-Aid for Scientific Research B (No. 18360087, No. 21360081) and Grant-in-Aid for
Exploratory Research (No. 20656035) from Japan Society for the Promotion of Science. The author also expresses gratitude
for the assistance with the numerical tests generously provided by Mr. Y. Sugiyama and Mr. M. Yamaki.
Appendix A. Schemes in a regular grid system

A.1. Fully conservative finite difference scheme in a regular grid system

This subsection presents the fully conservative finite difference scheme in a spatially regular and temporally staggered
grid system as shown in Fig. 9. In this arrangement, spatial distribution of variables is collocated as shown in Fig. 9(a). Tem-
poral staggering (Fig. 9(b)) is recommended for suitable discretization of the continuity.

The fully discrete fully conservative second-order accurate finite difference schemes in a regular grid system for (20)–(23)
are as follows:
ðCont:� FR2Þ ¼ 0; ð122Þ

ðConv :� FR2Þi þ ðPres:-FR2Þi ¼
d2sij

d2xj
; ð123Þ

ðConv :� FR2Þe þ ðPD:-FR2Þe ¼ sij
d2 bui

d2xj
�

d2qj

d2xj
; ð124Þ

with �p1t ¼ pðq1t ; eÞ; or q1t ¼ qð�p1t; eÞ; or e ¼ eðq1t; �p1tÞ; ð125Þ
where inviscid terms are denoted symbolically and �FR2 denotes a fully discrete second-order accurate approximation in a
regular grid system. ðCont:� FR2Þ is the left-hand side of the continuity:
ðCont:� FR2Þ � d1 q
d1t
þ

d1 gj

d1xj
ð¼ 0Þ; ð126Þ
where gj is the numerical mass flux for the second-order accurate schemes in a regular grid system defined by
gj � q1t
1xj

uj
1xj : ð127Þ
ðConv :� FR2Þ/ is a generic form of convection scheme for the transport equation of /, and takes one of the following forms
for / ¼ ui and e:
i i+1i−1

j

j−1

j+1

i−1/2

j−1/2

j+1/2

Δ x1Δ x1

Δ x2

Δ x2

i+1/2

ρ, p, e:

x1

x2

u1, u2

i i+1i−1

n

n−1

n+1

i−1/2

n−1/2

n+1/2

Δ x1Δ x1

Δ t

Δ t

i+1/2

ρ , p
:

x1

t

:
e , u1

Fig. 9. Spatially regular and temporally staggered grid system. i; j, and n are spatio-temporal location indices.
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ðDiv :-FR2Þ/ �
d1q1t/

d1t
þ

d1 gj
1t b/1xj

d1xj
; ð128Þ

ðAdv :-FR2Þ/ � q1t
1t d1/

d1t
þ /

1t � b/
 � d1q1t

d1t
þ gj

1t d1
b/

d1xj

1xj

; ð129Þ

ðSkew:-FR2Þ/ �
ffiffiffiffiffiffiffi
q1t

q 1t d1

ffiffiffiffiffiffiffi
q1t

q
/

d1t
þ 1

2
d1 gj

1t b/1xj

d1xj
þ gj

1t d1
b/

d1xj

1xj
0@ 1A: ð130Þ
Here, the convection schemes for the momentum equation ð/ ¼ uiÞ are abbreviated like ðConv :� FR2Þi; ðDiv :-FR2Þi, and
so on. b/ is the square-root density weighted interpolation for the regular grid system.
b/ �
ffiffiffiffiffiffiffi
q1t

q
/

1t

ffiffiffiffiffiffiffi
q1t

q 1t : ð131Þ
ðPres:-FR2Þi and ðPD:-FR2Þe are the discrete pressure term in the momentum equation and the discrete pressure-dilatation
term in the internal energy equation defined, respectively, by
ðPres:-FR2Þi �
d2 �p1t

1t

d2xi
; ð132Þ

ðPD:-FR2Þe � �p1t
1t d2 bui

d2xi
: ð133Þ
Commutability between the schemes for divergence and advective forms in a regular grid system is demonstrated using
(56), (58) and (59) as follows:
ðDiv :-FR2Þ/ ¼ ðAdv :-FR2Þ/ þ b/ ðCont:� FR2Þ1t
: ð134Þ
The relation for the skew-symmetric form in a regular grid system is demonstrated using (59), (60) and (134) as
ðSkew:-FR2Þ/ ¼
1
2
ðDiv :-FR2Þ/ þ

1
2
ðAdv :-FR2Þ/ ¼ ðDiv:-FR2Þ/ �

1
2
b/ ðCont:� FR2Þ1t

¼ ðAdv:-FR2Þ/ þ
1
2
b/ ðCont:� FR2Þ1t

: ð135Þ
The secondary conservation property of the skew-symmetric scheme is also demonstrated using (57) and (60) as
b/ ðSkew:-FR2Þ/ ¼
d1 q1t /2=2

d1t
þ

d1 gj
1t gb/ b/1xj

=2
d1xj

: ð136Þ
The convective term of the total energy equation obtained as a result is written using (57) and (60) as
bui ðSkew:-FR2Þi þ ðDiv:-FR2Þe ¼
d1ðqEÞFR2

d1t
þ d1

d1xj

1
2

gj
1t gbuibui

1xj

þ gj
1t ê

1xj

� �
; ð137Þ
where the discrete total energy norm conserved in the finite difference scheme is
ðqEÞFR2 �
1
2
q1tuiui þ q1te: ð138Þ
Note that the discrete total energy norm is uniquely defined in a regular grid system, since no spatial interpolation is re-
quired. Corresponding pressure terms in the kinetic energy and internal energy equations are merged into a conservative
form in the total energy equation using (55).
bui ðPres:-FR2Þi þ ðPD:-FR2Þe ¼
d1

gbui �p1t
1t

1xi

d1xi
: ð139Þ
Using (55), the viscous term is also conservative in the total energy equation:
bui
d2sij

d2xj
þ sij

d2 bui

d2xj
¼ d1

gbui sij

1xj

d1xj
: ð140Þ
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Fig. 10. Spatio-temporal grid for semi-discrete compact finite difference scheme in a regular grid. i and n are spatio-temporal location indices.
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A.2. Semi-discrete compact finite difference scheme in a regular grid system

In this subsection, semi-discrete compact finite difference schemes are presented. For the compact finite difference
schemes, the spatio-temporal grid in Fig. 9(b) is replaced by Fig. 10.

Even for a regular grid system, the use of the mid-point compact finite difference and interpolation is recommended [32].
This treatment offers a more stable computational method than that with the grid-point compact finite difference. The con-
tinuity is discretized as
ðCont:� RCnÞ � dq
dt
þ dcnquj

cnxj

dcn xj
ð¼ 0Þ; ð141Þ
where �RCn denotes a n-th order accurate compact finite difference scheme in a regular grid system. The convection
schemes for the divergence, advective and skew-symmetric forms are as follows:
ðDiv :-RCnÞ/ �
dq/
dt
þ dcnquj

cnxj /
cnxj

dcn xj
; ð142Þ

ðAdv :-RCnÞ/ � q
d/
dt
þ quj

cnxj
dcn /
dcn xj

cnxj

; ð143Þ

ðSkew:-RCnÞ/ �
ffiffiffiffi
q
p d

ffiffiffiffiqp /
dt

þ 1
2

dcnquj
cnxj /

cnxj

dcn xj
þ quj

cnxj
dcn /
dcn xj

cnxj
 !

: ð144Þ
Practically, only the skew-symmetric form of (144) is stable among (142)–(144) at the inviscid limit [32]. The schemes for
the pressure term in the momentum equation and the pressure-dilatation term in the internal energy equation are as
follows:
ðPres:-RCnÞi �
dcn p
dcn xi

cnxi

; ð145Þ

ðPD:-RCnÞe � p
dcn ui

dcn xi

cnxi

: ð146Þ
Appendix B. Fully discrete fully conservative finite difference scheme in a non-uniform staggered grid system

The extension of the fully discrete fully conservative finite difference scheme in Section 4.2 to a non-uniform grid is
achieved by introducing the mapping of the independent variables from physical to computational spaces [33]. The discrete
operations are acting on the corresponding uniform grid in the computational space [4]. One-dimensional mapping in each
direction is introduced from the physical space ðx1; x2; x3Þ to the computational one ðn1; n2; n3Þ as
x1 ¼ x1ðn1Þ; x2 ¼ x2ðn2Þ; x3 ¼ x3ðn3Þ; ð147Þ
and
n1 ¼ n1ðx1Þ; n2 ¼ n2ðx2Þ; n3 ¼ n3ðx3Þ: ð148Þ
The scaling factor hi and the transformation Jacobian J are defined from the relation:
h1 ¼
dx1

dn1
; h2 ¼

dx2

dn2
; h3 ¼

dx3

dn3
; J ¼ h1h2h3: ð149Þ
Correspondence between physical and computational spaces is shown in Figs. 11 and 12.
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: ð160Þ
ðPres:Þi and ðPD:Þe are the pressure and pressure-dilatation terms in the computational space, respectively.
ðPres:Þi �
1
J

J
hi

@p
@ni

; ð161Þ

ðPD:Þi �
1
J

p
@

@ni

J
hi

ui

� �
: ð162Þ
Discrete operators acting in the computational space are defined as
dm/
dmn1

				
i;j;k

�
/iþm=2;j;k � /i�m=2;j;k

mDn1
; ð163Þ

/
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2
; ð164Þ

f/w
mn1
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2
: ð165Þ
Discrete operators in n2 and n3 directions are defined in the same way as for n1 direction, where the grid spacings in the
computational space, Dn1; Dn2, and Dn3, are supposed to be constant, and they are usually set to unity.

The governing equations in the computational space, (150)–(153), are then discretized as follows:
ðCont:-FS2Þ ¼ 0; ð166Þ

ðConv :-FS2Þi þ ðPres:-FS2Þi ¼
1

J
1ni

d1

d1nj
� J

hj
sij

� �
; ð167Þ

ðConv :-FS2Þe þ ðPD:-FS2Þe ¼
1
J
sij �

J
hj

d1 bui

d1nj

� �
� 1

J
d1

d1nj

J
hj

qj

� �
; ð168Þ

withquad�p1t ¼ pðq1t ; eÞ; or q1t ¼ qð�p1t; eÞ; or e ¼ eðq1t ; �p1tÞ: ð169Þ
ðCont:-FS2Þ is the left-hand side of the continuity and defined by
ðCont:-FS2Þ � d1q
d1t
þ 1

J
d1Gj

d1nj
ð¼ 0Þ; ð170Þ
where Gj is the numerical contravariant mass flux in the computational space.
Gj � q1t
1nj J

hj
uj: ð171Þ
ðConv :-FS2Þi is a generic form of convective term in the discrete momentum equation and takes one of the following
schemes:
ðDiv :-FS2Þi �
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ðConv :-FS2Þe is a generic form of convective term in the discrete internal energy equation and takes one of the following
schemes:
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 � d1q1t

d1t
þ 1

J
Gj

1t d1ê
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where bui and ê are the square-root density weighted velocity and internal energy interpolations in the computational space.
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ffiffiffiffiffiffiffiffiffiffiffiffiffi
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The transformation Jacobian is appeared in the definition of the weighted interpolation of velocity for the non-uniform
staggered grid arrangement. The pressure scheme, ðPres:-FS2Þi, and the pressure-dilatation scheme, ðPD:-FS2Þe, are defined
as follows:
ðPres:-FS2Þi �
1

J
1ni

J
hi

d1�p1t
1t

d1ni
; ð179Þ

ðPD:-FS2Þe �
1
J
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J
hi
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� �
: ð180Þ
The commutability of the convection schemes and the secondary conservation property of the skew-symmetric form are
demonstrated as follows:
ðDiv :-FS2Þi ¼ ðAdv :-FS2Þi þ
1
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where no summation is taken for the index a in the last equation. The commutability and secondary conservation property of
the convection schemes for the internal energy equation are also demonstrated in the same way:
ðDiv :-FS2Þe ¼ ðAdv:-FS2Þe þ ê ðCont:-FS2Þ1t
; ð184Þ
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The convective term of the corresponding discrete total energy equation is
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where conserved discrete total energy norm, ðqEÞFS2, is
ðqEÞFS2 �
1
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1
J

Jq1t
1ni

uiui

1ni

þ q1te: ð188Þ
Conservation properties of the pressure and viscous terms in the discrete total energy equation are also demonstrated as
follows:
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Therefore, the fully discrete finite difference schemes for a non-uniform staggered grid system presented in this appendix
are fully conservative.

The discrete internal energy equation and corresponding state equation can be replaced by the following ones when en-
thalpy [18] is preferable to internal energy:
ðConv :-FS2Þh � ðDpDt:� FS2Þh ¼
1
J
sij �

J
hj

d1 bui

d1nj

� �
� 1

J
d1

d1nj

J
hj

qj

� �
; ð196Þ

with �p1t ¼ pðq1t ;hÞ; or q1t ¼ qð�p1t ;hÞ; or h ¼ hðq1t; �p1tÞ: ð197Þ
ðConv :-FS2Þh is a generic form of convective term in the discrete enthalpy equation and takes the same form for ðConv:-FS2Þe,
where e is replaced by h. ðDpDt:� FS2Þh is the discrete material derivative of pressure in the enthalpy equation:
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The inviscid part of the total energy equation with the enthalpy scheme is written as
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where ðqEÞhFS2 is the discrete total energy norm conserved by the second-order accurate scheme with enthalpy:
ðqEÞhFS2 �
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þ q1th� �p1t : ð200Þ
This indicates that the fully discrete enthalpy scheme discretely conserves the total energy norm and is also fully
conservative.
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